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We consider the transcendence of the multi-indexed series
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk
and then extend our results to series of the form
∞∑
n1,...,nk=0
f (n1, . . . ,nk)A1(n1) · · · Ak(nk)
B1(n1) · · · Bk(nk)
where f is a k-periodic function and each Ai(x), Bi(x) is a
polynomial with algebraic coeﬃcients. We relate these series to
special values of the digamma function as well as polygamma
functions. We also show some conditional implications on the
transcendence of the series via Schanuel’s Conjecture.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In an earlier paper [10] we examined series of the form
∞∑
n=0
f (n)A(n)
B(n)
where f is a periodic function with integer period q and A(x), B(x) are polynomials with algebraic
coeﬃcients. The motivation behind [10] was to extend a paper of Murty and Saradha [8] which was a
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706 C. Weatherby / Journal of Number Theory 131 (2011) 705–715work that stemmed from a question of Chowla from 1969. Chowla [4] asked if there was a rational-
valued periodic function f , not identically zero, with prime period p such that the series
∞∑
n=1
f (n)
n
converges and vanishes. The question was answered in the negative in 1973 by Baker, Birch and
Wirsing [3]. In 2001 and later in 2007, the sum was shown to be transcendental when it converges
[1,8].
The goal of this paper is to analyze the multi-variable series
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk (1)
and then extend to series of the form
∞∑
n1,...,nk=0
f (n1, . . . ,nk)A1(n1) · · · Ak(nk)
B1(n1) · · · Bk(nk) (2)
where f is periodic in each entry and Ai(x), Bi(x) are polynomials with algebraic coeﬃcients. Once
we discuss convergence, we will examine analytic continuation of the series (1) which will lead to a
general closed form for the series (2). Following the strategy developed in [8] and [10], once a ﬁnite
closed form for a series is calculated we are able to discuss transcendence.
As described above, [8] and [10] contain results for the k = 1 single variable version of the se-
ries (1) and (2) respectively. The techniques used involve relating the series to special values of the
digamma function, ψ(x), which is the logarithmic derivative of the gamma function
ψ(x) = 
′(x)
(x)
.
Murty and Saradha [8] proved the following.
Theorem 1. (See Murty and Saradha [8, Theorem 16].) Let f be any function deﬁned on the integers and with
period q. Then,
∞∑
n=1
f (n)
n
converges if and only if
q∑
a=1
f (a) = 0
and in the case of convergence, the value of the series is
−1
q
q∑
a=1
f (a)ψ(a/q).
The importance of the digamma function in terms of the transcendence of the series is seen by
logarithmically differentiating the Hadamard product
1
(x)
= xeγ x
∞∏(
1+ x
n
)
e−
x
nn=1
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−ψ(x) − γ = 1
x
+
∞∑
n=1
(
1
n + x −
1
n
)
(3)
where γ is Euler’s constant. The sum which appears on the right side of Eq. (3) appears in the
analysis of
∑
n1 f (n)/n and the left side is connected to a sum of logarithms of algebraic numbers
by Lemma 21 of [8]; that is, for any integers 1 a q,
−ψ(a/q) − γ = log(q) −
q−1∑
b=1
ζ−baq log
(
1− ζ bq
)
(4)
where ζq = e2π i/q is a primitive qth root of unity. We take the principal value of the logarithm with
argument in (−π,π ]. By relating the sum to a linear combination of logarithms of algebraic numbers,
Baker’s Theorem [2] can be invoked to conclude transcendence of
∑
n1 f (n)/n.
Theorem 2. (See Baker [2].) For α1, . . . ,αn ∈ Q \ {0}, if logα1, . . . , logαn are linearly independent over Q,
then 1, logα1, . . . , logαn are linearly independent over Q.
It is easy to see that Theorem 2 implies that any linear combination of logarithms of algebraic
numbers with algebraic coeﬃcients is either zero or transcendental.
In [10] we use the relationship between the digamma function and logarithms of algebraic num-
bers to prove the following.
Theorem 3. (See Weatherby [10, Theorem 7].) Let f be an algebraic-valued periodic function with integer
period q  1. Let A(x), B(x) ∈ Q[x] be such that B(x) has only simple roots in Q. Omitting the roots of B(x),
the series
∞∑′
n=0
f (n)A(n)
B(n)
is equal to a computable algebraic number or is transcendental, when it converges.
The symbol
∑′ means summation avoiding any poles. In the proof of this theorem, the series is
shown to be equal to a sum of a (explicitly) computable algebraic number and a sum of logarithms
of algebraic numbers and then Baker’s Theorem is applied. The interested reader may wish to consult
[8] or [10] for further details on the application of Baker’s Theorem.
In the previous theorem the restriction that B(x) have only simple roots is needed. If that restric-
tion is removed, the sum is related to special values of the so-called polygamma function, ψt(x), which
is deﬁned as the tth derivative of ψ(x) = ψ0(x). Differentiating (3) consecutively t−1 times we obtain
ψt−1(x) = (−1)t(t − 1)!
∞∑
n=0
1
(n + x)t . (5)
In the last equality, we have made the assumption that x is real and not a negative integer. Using (5),
we showed the following.
Theorem 4. (See Weatherby [10, Theorem 13].) Let f be an algebraic-valued periodic function, with period
q 1. Take any A(x), B(x) ∈ Q[x] with B(x) having only rational roots. With the zeroes of B(x) omitted when
708 C. Weatherby / Journal of Number Theory 131 (2011) 705–715necessary, if the series converges then
∞∑′
n=0
f (n)A(n)
B(n)
is a computable algebraic number plus an algebraic linear combination of values of various polygamma func-
tions at rational points.
We point out that in the previous theorem, “. . . with B(x) having only rational roots” was implied
but omitted in [10], and we include it here for the ﬁrst time.
With the results described above for the single variable case, k = 1, we now prove similar results
for general values of k for the series (1) and (2).
2. Convergence of the multi-indexed series
For the series (1) to converge, conditions must be placed on f . Note that we make the following
notational simpliﬁcations throughout. For a function f , periodic in k variables with respective periods
q1, . . . ,qk , we write f as a function on G := Z/q1Z × · · · × Z/qkZ and extend the deﬁnition of f to
Zk by
f (n1, . . . ,nk) = f
(
n1 (mod q1), . . . ,nk (mod qk)
)
.
Also, let coset representatives for each factor in G run from 1 to qi . We interpret the series (1) as
lim
N1,...,Nk→∞
N1∑
n1=1
· · ·
Nk∑
nk=1
f (n1, . . . ,nk)
n1 · · ·nk
where each Ni can go to inﬁnity independent of the other N j ’s. That is, we take convergence of
this multi-indexed series to mean that the series converges to the same value regardless of how N1
through Nk go to inﬁnity.
Proposition 5. For a function f on G, the series
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk
converges if and only if we have for every i = 1, . . . ,k,
qi∑
ni=1
f (a1, . . . ,ni, . . . ,ak) = 0 ∀a j ∈ {1, . . . ,q j} (6)
Proof. As mentioned above, the case k = 1 is handled by Murty and Saradha [8] where they showed
that the series
∑
n1 f (n)/n converges if and only if
∑q
a=1 f (a) = 0. For k > 1 write
N1∑
n1=1
· · ·
Nk∑
nk=1
f (n1, . . . ,nk)
n1 · · ·nk =
N1∑
n1=1
1
n1
· · ·
Nk−1∑
nk−1=1
1
nk−1
Nk∑
nk=1
f (n1, . . . ,nk)
nk
.
Sending Nk to inﬁnity we see that the inner sum converges if and only if
qk∑
n =1
f (a1, . . . ,ak−1,nk) = 0
k
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to isolate any of the k entries of f , therefore we obtain that the criteria (6) are necessary.
To see that these conditions (6) are suﬃcient, write
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk =
∞∑
n1=1
1
n1
∞∑
n2,...,nk=1
f (n1,n2, . . . ,nk)
n2 · · ·nk .
By induction on the number of indices, the inner sum converges. Let
F (x) :=
∞∑
n2,...,nk=1
f (x,n2, . . . ,nk)
n2 · · ·nk
and notice that F (x) is periodic with period q1 and
∑q1
n1=1 F (n1) = 0. Thus, our series
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk =
∞∑
n1=1
F (n1)
n1
converges if we have the criteria (6). 
In the next section, we relate the series to values of the digamma function.
3. Polynomial forms of digamma values and generalized Euler constants
Similar to [8] and [10], we inject the digamma function into the series (1) by drawing a connection
to the Hurwitz zeta function. For a brief introduction to the Hurwitz zeta function, see [8]. Once a
general closed form is found we can then discuss transcendence of the series.
Theorem 6. For a function f on G satisfying the convergence conditions (6), we have
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk =
(−1)k
q1 · · ·qk
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)ψ
(
a1
q1
)
· · ·ψ
(
ak
qk
)
.
Proof. We begin by examining
F (s1, . . . , sk) :=
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
ns11 · · ·nskk
as a function of s1, . . . , sk , with each Re(si) > 1, and we will show that this series is analytic for each
si = 1. By separating congruence classes the sum can be written as
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)
( ∑
n1≡a1(q1)
1
ns11
)
· · ·
( ∑
nk≡ak(qk)
1
nskk
)
which is equal to
∑
(a ,...,a )∈G
f (a1, . . . ,ak)
( ∞∑
m =0
1
(m1q1 + a1)s1
)
· · ·
( ∞∑
m =0
1
(mkqk + ak)sk
)
.1 k 1 k
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1
qs11 · · ·qskk
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)ζ
(
s1,
a1
q1
)
· · · ζ
(
sk,
ak
qk
)
. (7)
Notice that by (6), for any ﬁxed i,
qi∑
ai=1
f (a1, . . . ,ak)ζ(si)
∏
j =i
ζ
(
s j,
a j
q j
)
= 0
so that we can write (7) as
1
qs11 · · ·qskk
∑
a j , j =i
qi∑
ai=1
f (a1, . . . ,ak)
(
ζ
(
si,
ai
qi
)
− ζ(si)
)∏
j =i
ζ
(
s j,
a j
q j
)
.
Inserting “−ζ(si)” into (7) for every i, we can rewrite F as
1
qs11 · · ·qskk
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)
(
ζ
(
s1,
a1
q1
)
− ζ(s1)
)
· · ·
(
ζ
(
sk,
ak
qk
)
− ζ(sk)
)
.
The Hurwitz and Riemann zeta functions both admit analytic continuation to the entire complex
plane except for a simple pole with residue 1 at s = 1. The convergence conditions (6) ensure that
any possible polar part of F (si = 1 for any i) has residue 0 and therefore F is analytic. Recall Eq. (3)
above which implies that
lim
s→1+
ζ(s, x) − ζ(s) = −ψ(x) − γ .
Sending each si to 1+ along the real axis we obtain,
lim
s1,...,sk→1+
F (s1, . . . , sk) = (−1)
k
q1 · · ·qk
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)ψ
(
a1
q1
)
· · ·ψ
(
ak
qk
)
.
By a convergence theorem for Dirichlet series (see [9] 9.12 on page 291), which is analogous to Abel’s
convergence theorem for power series, since the series F (1, . . . ,1) converges we are able to take the
limit inside the sum and conclude that
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk =
(−1)k
q1 · · ·qk
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)ψ
(
a1
q1
)
· · ·ψ
(
ak
qk
)
. 
It is interesting that in [8], the authors found that for the case k = 1, the series ∑n1 f (n)/n is
equal to a linear combination of values of the digamma function, and here we show that for the k > 1
case, the series (1) is a polynomial form of degree k in special values of the digamma function. Also
analogous to what the authors of [8] found, the next corollary relates the series to generalized Euler
constants. Lehmer [6] deﬁned generalized Euler constants as
γ (a,q) := lim
N→∞
( ∑
n>0, n≡a(q)
1
n
− 1
q
logN
)
.
Making use of the identity (Theorem 7 from [6])
−ψ(a/q) = qγ (a,q) + logq
C. Weatherby / Journal of Number Theory 131 (2011) 705–715 711we have the following result.
Corollary 7. If f is periodic as above satisfying the required convergence conditions (6), then
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk =
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)γ (a1,q1) · · ·γ (ak,qk).
Murty and Saradha [7] showed that at most one of the inﬁnite list of numbers γ ,γ (a,q) for
1 a  q with q  2 is algebraic. At this point in time, no algebraic independence results are known
for these generalized Euler constants so we cannot say anything concrete regarding the transcendence
of the series (1). We will see below that Schanuel’s Conjecture implies that the series (1) is tran-
scendental when it does not vanish. We ﬁrst develop an alternative approach for analyzing the same
family of series.
4. Fourier analysis of the series
Recall the discrete Fourier transform for a function f on G
f̂ (x1, . . . , xk) := 1q1 · · ·qk
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)ζ
−a1x1
q1 · · · ζ−akxkqk
with inversion
f (n1, . . . ,nk) =
∑
(a1,...,ak)∈G
f̂ (a1, . . . ,ak)ζ
a1n1
q1 · · · ζ aknkqk .
To analyze the series (1) using Fourier techniques, we ﬁrst show an equivalence between the
convergence conditions (6), and conditions on f̂ . The following lemma is a special case of Frobenius
reciprocity; however, we prove it directly for our case.
Lemma 8. For a function f on G the following are equivalent:
(i) f̂ (a1, . . . ,ai−1,0,ai+1, . . . ,ak) = 0 ∀a j ∈ Z/q jZ, j = i;
(ii)
∑qi
ni=1 f (a1, . . . ,ni, . . . ,ak) = 0 ∀a j ∈ Z/q jZ, j = i.
Proof. Without loss of generality we show only the case i = k. First assume condition (i). For ﬁxed
n1, . . . ,nk−1, by Fourier inversion we write
qk∑
nk=1
f (n1, . . . ,nk) =
∑
(a1,...,ak)∈G
f̂ (a1, . . . ,ak)ζ
a1n1
q1 · · · ζ ak−1nk−1qk−1
qk∑
nk=1
ζ
aknk
qk .
For all terms with ak ≡ qk (mod qk) the inner sum vanishes while for ak ≡ qk (mod qk) the values
f̂ (a1, . . . ,ak) = 0 by assumption and we have that (i) implies (ii).
Now assume condition (ii). We have
f̂ (n1, . . . ,nk−1,0) = 1q1 · · ·qk
q1∑
a1=1
ζ
−a1n1
q1 · · ·
qk−1∑
ak−1=1
ζ
−ak−1nk−1
qk−1
qk∑
ak=1
f (a1, . . . ,ak).
By assumption, the innermost sum is equal to 0 for every a1, . . . ,ak−1. Thus f̂ (n1, . . . ,nk−1,0) = 0
and we have the equivalence. 
712 C. Weatherby / Journal of Number Theory 131 (2011) 705–715Along with an alternate form of the convergence conditions, by using the Fourier transform we ﬁnd
an alternate closed form for series (1) which involves logarithms of algebraic numbers. Once we relate
the series (1) to logarithms of algebraic numbers we can say something about the transcendence.
Theorem 9. If f is a function on G which satisﬁes the convergence conditions (6) then we have
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk =
∑
(a1,...,ak)∈G,ai ≡0
f̂ (a1, . . . ,ak) log
(
1− ζ a1q1
) · · · log(1− ζ akqk ).
Proof. Assume Re(si) > 1 for each i. By Fourier inversion we have
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
ns11 · · ·nskk
=
∞∑
n1,...,nk=1
∑
(a1,...,ak)∈G
f̂ (a1, . . . ,ak)ζ
a1n1
q1 · · · ζ aknkqk
ns11 · · ·nskk
.
Interchanging the order of summation we obtain
∑
(a1,...,ak)∈G
f̂ (a1, . . . ,ak)
( ∞∑
n1=1
ζ
a1n1
q1
ns11
)
· · ·
( ∞∑
nk=1
ζ
aknk
qk
nskk
)
.
The sums which appear in parentheses are examples of the Lerch zeta function which has a simple
pole of residue 1 when ai ≡ 0 (mod qi). Our convergence conditions from Lemma 8 ensure that these
poles are eliminated and the series equals
∑
(a1,...,ak)∈G,ai ≡0
f̂ (a1, . . . ,ak)
( ∞∑
n1=1
ζ
a1n1
q1
ns11
)
· · ·
( ∞∑
nk=1
ζ
aknk
qk
nskk
)
.
Sending each si to 1 we obtain∑
(a1,...,ak)∈G,ai ≡0
f̂ (a1, . . . ,ak) log
(
1− ζ a1q1
) · · · log(1− ζ akqk ). 
Equating the results of Theorems 6 and 9 we have a relationship between special values of the
digamma function and logarithms of algebraic numbers.
Corollary 10. For a function f satisfying the convergence conditions (6),∑
(a1,...,ak)∈G,ai ≡0
f̂ (a1, . . . ,ak) log
(
1− ζ a1q1
) · · · log(1− ζ akqk )
= 1
q1 · · ·qk
∑
(a1,...,ak)∈G
f (a1, . . . ,ak)ψ(a1/q1) · · ·ψ(ak/qk).
Note that Corollary 10 can also be obtained directly (though with more diﬃculty) via Lemma 21
from [8] which states that for any integers 1 a q,
−ψ(a/q) − γ = log(q) −
q−1∑
b=1
ζ−baq log
(
1− ζ bq
)
.
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The series (1) with k indices is related to a polynomial form of degree k in logarithms of algebraic
numbers. For algebraic-valued f , the case k = 1 has been dealt with by showing that the series (1)
is equal to a linear form of logarithms of algebraic numbers [8,10]. In this case, the theory has been
well developed and Baker’s Theorem (Theorem 2) implies that any algebraic linear combination of
logarithms of algebraic numbers is either 0 or transcendental. In many cases one can check that the
series (1) with k = 1 does not vanish and then the conclusion is that the sum is transcendental. If
k  2 the transcendence of the sum is more diﬃcult to characterize since little is known about the
algebraic independence of logarithms of this form. We examine a conditional implication of a well-
known conjecture of Schanuel.
Conjecture 11. (See Schanuel [5, pp. 30–31].) For any complex numbers z1, . . . , zn which are linearly inde-
pendent over Q, we have that the ﬁeld
Q
(
z1, . . . , zn, e
z1 , . . . , ezn
)
has transcendence degree at least n over Q.
Schanuel’s Conjecture says that there are at least n algebraically independent numbers in the list
z1, . . . , zn, ez1 , . . . , ezn . For our purpose let zi = log(αi) for some algebraic αi and Schanuel’s Conjecture
implies that the values log(αi) are algebraically independent if they are linearly independent over Q.
If we assume Schanuel’s Conjecture, then we can deduce a nice corollary from Theorem 9.
Theorem 12. Let f be an algebraic-valued function on G that satisﬁes the conditions (6). If Schanuel’s Conjec-
ture is true, then the sum
∞∑
n1,...,nk=1
f (n1, . . . ,nk)
n1 · · ·nk
is either zero or transcendental.
Proof. By Theorem 9, the series is equal to a polynomial form in logarithms of algebraic numbers∑
(a1,...,ak)∈G,ai ≡0
f̂ (a1, . . . ,ak) log
(
1− ζ a1q1
) · · · log(1− ζ akqk ),
which has algebraic coeﬃcients. Take a maximal set of linearly independent (over Q) logarithms that
appear in the above sum and make appropriate substitutions of linear dependence relations reducing
the sum to a polynomial form (with algebraic coeﬃcients) in those linearly independent logarithms.
Schanuel’s Conjecture implies that these logarithms are in fact algebraically independent numbers,
thus the sum is either zero or transcendental. 
Up until now, we have restricted the analysis to the series (1). We now use the techniques devel-
oped here in the more general setting of (2).
Theorem 13. Let f be an algebraic-valued function on G. Let Ai(x), Bi(x) ∈ Q[x] for i = 1, . . . ,k such that
each Bi(x) has only simple rational roots. In the case of convergence, the series
∞∑′
n1,...,nk=0
f (n1, . . . ,nk)A1(n1) · · · Ak(nk)
B1(n1) · · · Bk(nk)
is a Q-linear combination of polynomial forms of degree j of logarithms of algebraic numbers for j = 0, . . . ,k.
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∑
(a1,...,ak)∈G
f̂ (a1, . . . ,ak)
k∏
i=1
( ∞∑′
ni=0
ζ
aini
qi Ai(ni)
Bi(ni)
)
.
Note that for each i, if deg(Ai) = deg(Bi)−1 then by Lemma 8 we require that each f̂ (a1, . . . ,ai−1,0,
ai+1, . . . ,ak) = 0. Otherwise, if deg(Ai) < deg(Bi) − 1, then convergence is absolute. In either case,
we have convergence of each factor above. By Theorem 3, and the comments following that theorem,
each factor is a computable algebraic number (calculated explicitly) plus a linear form in logarithms
of algebraic numbers. Expanding the product the result becomes clear. 
Assuming Schanuel’s Conjecture gives the following corollary.
Corollary 14. Let f be an algebraic-valued function on G. Let Ai(x), Bi(x) ∈ Q[x] for i = 1, . . . ,k such that
each Bi(x) has only simple rational roots. If Schanuel’s Conjecture is true, when the series
∞∑′
n1,...,nk=0
f (n1, . . . ,nk)A1(n1) · · · Ak(nk)
B1(n1) · · · Bk(nk)
converges it is either a computable algebraic number (computed explicitly) or transcendental.
Proof. By Theorem 13, the series is a linear combination of polynomial forms of degree j of loga-
rithms of algebraic numbers for j = 0, . . . ,k. Similar to the proof of Theorem 12, Schanuel’s Conjecture
implies that all of the logarithms which appear are linear combinations of some minimal set of alge-
braically independent logarithms. If the part of the sum involving logarithms vanishes then the series
is algebraic, otherwise, the series is transcendental. 
Finally, we relax the condition placed on each Bi(x) to have only simple roots. In the ﬁrst analy-
sis in which the series (1) is related to special values of the digamma function we had only simple
rational roots. The results of that scenario can easily be extended to include the general setting of
series with components containing any simple rational roots and those series will be equal to a poly-
nomial form in special values of the digamma function. Increasing the order of the roots introduces
the polygamma function, ψt(x).
Theorem 15. Let f be an algebraic-valued function on G. Let Ai(x), Bi(x) ∈ Q for i = 1, . . . ,k such that each
Bi(x) has only rational roots. When it converges, the series
∞∑′
n1,...,nk=0
f (n1, . . . ,nk)A1(n1) · · · Ak(nk)
B1(n1) · · · Bk(nk)
is a Q-linear combination of degree j polynomial forms of various polygamma functions at rational points, for
j = 1, . . . ,k.
Proof. We rewrite our sum in the same manner as in the proof of Theorem 13, namely
∑
(a ,...,a )∈G
f̂ (a1, . . . ,ak)
k∏
i=1
( ∞∑′
n =0
ζ
aini
qi Ai(ni)
Bi(ni)
)
.1 k i
C. Weatherby / Journal of Number Theory 131 (2011) 705–715 715We now utilize Theorem 4, which implies that each series which appears as a factor here is a com-
putable algebraic number plus an algebraic linear combination of various polygamma functions at
rational points. Expanding the products of these linear combinations gives the result. 
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